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Abstract 
(BQ) In the distance space (M,d :M ×M -~ A) let k E A and f :M  --+M be given 
such that for all a,b E M: d(a,b) = k ~ d(f(a),f(b)) = k. Then f is an isometry. 
The determination of the possible f for a given distance space is called a theorem of Beck- 
man/Quarles type. Here (BQ) is studied for the case of euclidean planes. 
Let (E, G, =)  be a euclidean plane, i.e. (E, ~) is an affine plane over a euclidean field 
K, and "_=" is defined by the standard inner product. A commutative field is called 
euclidean if all its squares ~ 0 form a domain of  positivity. The axioms of euclidean 
planes can be formulated in such a way that they characterize linear spaces in which 
all figures can be drawn with a ruler and a pair of compasses. Mohr and Mascheroni 
have shown that all constructions that can be made by both instruments can be carried 
out by using only a pair of compasses. This leads to the following: 
Problem. Which constructions are possible with only a pair of  compasses of  constant 
width - often called a a pair of rusty compasses? 
Any construction with width k is invariant under all k-homometries of E, i.e. under 
all mappings of  E into E which preserve the distance k between two points. For the real 
euclidean plane as the distance space this gives the plane case of the Beckman/Quarles 
theorem: Such a mapping is a motion [1], p. 26. 
By definition: 
(1) The k-homometries of a distance space E are exactly those mappings of E into 
E that preserve all figures which can be constructed with a pair of rusty compasses 
of width k. 
Consider the case of a euclidean plane and let k = 1. Two points a, b E E are in 
different archimedean classes if d(a, b) > n for all n E lq. With a pair of rusty com- 
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passes one can only construct new points in the same archimedean class of the given 
points. Therefore, because of (1) (BQ) does not hold in nonarchimedean euclidean 
planes (see also [4], Gegenbeispiel 4). 
J. Zhang et al. [5] have shown with geometric algebra methods that all elements 
claimed in the axioms for euclidean planes can be constructed with only a pair of rusty 
compasses. They implicitly use the properties of an archimedean plane to construct a 
bridge between two points. Thus 
(2) (BQ) holds in a plane over a euclidean fieM K i f  and only i f  the order of  K 
is archimedean. 
Already Dawson [2] has shown how to construct all the figures of the euclidean 
plane with the help of match-sticks. He postulates that to relate two different points a 
and b the geometer "is supposed to be at both a and b, independent as it were". But 
that means the plane has to be archimedean. 
In the investigations of M, Fisser [3] at least for the plane case (Satz (5.1)) the field 
of real numbers is only necessary for using the Beckman/Quarles theorem. Therefore, 
we have the 
Corollary. Let f be a bijection of  a euclidean plane over an archimedean fieM that 
preserves a constant distance between points and lines. Then f is an isometry. 
References 
[1] W. Benz, Geometrische Transformationen, Mannheim, 1992. 
[2] T.R. Dawson, "Match-stick" geometry, Math. Gazette 23 (1939) 161-168. 
[3] M. Fisser, Beckman-Quarles-Kennzeichnungen orthogonaler G uppen, Diss. Hamburg 1989. 
[4] H. Lenz, Bemerkungen zum Beckman/Quarles-Problem, Mitt. Hmb. Math. Ges. 11 (1991) 429-446. 
[5] J. Zhang, L, Yang and X. Hou, What can we do with a pair of rusty compasses?, Geom. Dedicata 38 
(1991) 137-150. 
